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Abstract
Let G be connected nilpotent Lie group acting locally on a real surface
M. Let ϕ be the local flow on M induced by a 1-parameter subgroup. As-
sume K is a compact set of fixed points of ϕ and U is a neighborhood of K
containing no other fixed points.
Theorem: If the Dold fixed-point index of ϕt|U is nonzero for sufficiently
small t > 0, then Fix(G) ∩ K , ∅.
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1 Introduction
Notation: M is a manifold with tangent bundle T M and boundary ∂M. The set
of vector fields on M is v(M), and the set of vector fields that are C1 (continously
differentiable) is v1(M). The zero set of X ∈ v(M) is Z(X).
1
G always denotes a connected Lie group with unit element e and Lie algebra
g. We usually treat g as the set of one-parameter subgroups X : R → G, but we
also exploit the linear structure on g defined by its identification with the tangent
space to G at e.
R denotes the vector space of real numbers, R+ = [0,∞), Rn is Euclidean n-
space. Z is the group of integers, N := {0, 1, . . . } is the set of natural numbers, and
∅ is the empty set. The frontier of a subset S of a topological space is denoted by
Fr(S ). The fixed point set of f : A → B is Fix( f ) := {a ∈ A : f (a) = a}. Maps are
continuous unless the contrary is indicated.
In 1885 Poincare´ [25] published a seminal result on surface dynamics, ex-
tended to higher dimensions by Hopf [12] in 1925:
Theorem (Poincare´-Hopf). Every vector field on a closed manifold M of nonzero
Euler characteristic vanishes at some point.
A smooth vector field induces a flow ΦX := {ΦXt }t≥0 — a continuous action of
the group R— and the theorem implies Φ has a fixed point. The same conclusion
holds for semi-flows (continuous actions of R+) on a broad class of spaces includ-
ing all compact polyhedra and topological manifolds, thanks to Lefschetz’s Fixed
Point Theorem [16]).
In his pioneering 1964 paper, E. Lima [18] generalized the Poincare´-Hopf
Theorem to actions of connected abelian Lie groups on compact surfaces, allow-
ing nonempty boundaries. This was extended to nilpotent groups in 1986 by my
former student J. Plante [24] :
Theorem (Plante). Every continuous action of a connected nilpotent Lie group
on a compact surface of nonzero Euler characteristic has a fixed point.
Our goal is a generalization of Plante’s Theorem to local actions (Section 2)
on all surfaces. This necessitates replacement of the assumption χ(M) , 0. The
new hypothesis is based Dold’s fixed point index I( f ) ∈ Z for maps f : U → M,
where U ⊂ M is open and Fix( f ) (see Section 3).
Let Φ := {Φt}t∈R be a local flow on M. A block for Φ is a compact set
K ⊂ Fix(Φ) := ⋂t∈R Fix(Φt)
having an isolating neighborhood U: a precompact open neighborhood of K such
that K = Fix(Φ) ∩U. When Φ := ΦX, the local flow generated by a vector field X
on M then K ⊂ Z(X), the zero set of X.
For sufficiently small t > 0, the index of Φ at K is well defined by the formula
iK(Φ) := I(Φt |U).
When Φ comes from a vector field X we define
iK(X) = i(X,U) := iK(X).
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In Theorem 1 and its corollaries G is nilpotent, and a local action Φ of G on a
surface M is postulated (see Section 2). Each X ∈ g is a one-parameter subgroup
R→ G, inducing a local flowΦX on M whose fixed point set is denoted by Fix(X).
A block K for ΦX is an X-block. K is essential if iK(X) , 0.
Theorem 1. If K is an essential X-block, then Fix(G) ∩ K , ∅.
As distinct X-blocks are disjoint, we obtain:
Corollary 2. If X has n essential blocks, then Fix(G) has at least n components.
Let Z(a) denote the set of common zeros of a set a ⊂ v(M).
Corollary 3. Let a ⊂ v1(M) be a finite-dimensional linear subspace tangent to
∂M and forming a nilpotent Lie algebra under the Lie bracket operation. If K is
an essential block of zeros for some X ∈ g, then Z(a) , ∅.
The inspiration for Theorem 1 is a remarkable result of C. Bonatti [5]:
Theorem (Bonatti). Assume dim M ≤ 4, ∂M = ∅, and X, Y are commuting
analytic vector fields M. If K is an essential block for the local flow generated by
X, then Z(Y) ∩ K , ∅.1
This is one of the few fixed points theorem for noncompact Lie groups (R2
in this case) acting on manifolds that are not compact, or have dimensions > 2,
or have zero Euler characteristic. Another is Borel’s Fixed Point Theorem, stated
below.
When ∂M = ∅, our definition of the index of X in U extends Bonatti’s def-
inition for vector fields, which runs as follows. Let X be a C1 vector field on M
generating the local flow ψ. Let U ⊂ M be an isolating neighborhood of an X-
block K. Then iK(X) equals the intersection number of X(U) and the image of the
trivial field on U in the tangent bundle of M, which is Bonatti’s definition. Equiv-
alently: If a vector field Y is sufficiently close to X and Z(Y) ∩ U is finite, then
iK(X) equals the the sum of the Poincare´-Hopf indices of the zeros of Y in U. This
sum, the Poincare´-Hopf index of Y |U, is denoted by iPH(Y |U). See Proposition 9.
Discussion
Plante’s theorem does not extend to Lie groups that are solvable, or even super-
soluble,2 because he proved [24]:
1
“The demonstration of this result involves a beautiful and quite difficult local study of the
set of zeros of X, as an analytic Y-invariant set. Of course, analyticity is an essential tool in this
study, and the validity of this type of result in the smooth case remains an open and apparently
hard question.” —P. Molino [19]
2Supersoluble: All eigenvalues in the adjoint representation are real. This implies solvable.
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• Every compact surface supports a fixed-point free C∞ action by the group
H of real matrices [ a b0 1 ] , (a > 0).
On the other hand, sufficiently strong assumptions imply fixed-point theorem
for several natural classes of solvable group actions:
• There is a fixed point in every algebraic action of a solvable, linear, ir-
reducible algebraic group on a complete algebraic variety over an algebraically
closed field (Borel [3, 4]; see also Humphreys [17], Onishchik & Vinberg [22].)
This celebrated result needs no assumptions on dimensions, Euler characteristics
or compactness, and is valid for nonsmooth varieties.
• Borel’s theorem extends to holomorphic actions of connected solvable Lie
groups on compact Ka¨hler manifolds M with H1(M) = {0} ( A. Sommese [26]).
• Fix(G) , ∅ when G is supersoluble and acts analytically on a compact
surface M with χ(M) , 0 (A. Weinstein and M. W. Hirsch [15]). But this result
fails for groups that arx solvable but not supersoluble: The group of real matrices[
a −b x
b a y
0 0 1
]
, (a2 + b2 = 1), acts without fixed point on the 2-sphere of oriented lines
through the origin in R3. And it fails for C∞ actions, by Plante’s Theorem.
• The conclusion of Bonatti’s theorem holds for analytic vector fields X, Y
on a real or complex 2-manifold M without boundary, satisfying [X, Y] ∧ X = 0
(Hirsch [11]). Two applications follow:
• Let a be a Lie algebra, perhaps infinite dimensional, of analytic vector fields
on a real or complex 2-manifold with empty boundary. If X ∈ a spans a one-
dimensional ideal, Z(a) meets every essential X-block.
• Assume the center of G has positive dimension and M is a complex 2-
manifold with empty boundary such that χ(M) , 0. Then every holomorphic
action of G on M has a fixed point.
M. Belliart [1] classified the pairs (G, M) where G has a continuous fixed-
point free action on a compact surface M, relying on the classification of transitive
surface actions in Mostow [21]. In particular:
• A solvable G acts without fixed point on the compact surface M iff G maps
homomorphically onto Aff+(R).
For related work on the dynamics of Lie group actions see [2, 8, 9, 10, 13, 14].
Open questions. Is there an example of a connected nilpotent Lie group acting
without fixed-point on a compact n-manifold, n > 2, having nonzero Euler char-
acteristic? Does Bonatti’s Theorem generalize to three or more vector fields, or to
manifolds of dimensions > 4?
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2 Local actions
For a map f : A → B we adopt the convention that notation such as f (ξ) presup-
poses that ξ is an element or subset of A. The domain A of f is denoted by D f
and the range of f by R f := f (A).
Let g, φ denote maps. Regardless of the domains and ranges, the composition
g ◦ f is defined as the map (perhaps empty) g ◦ f : x 7→ g( f (x)) whose domain is
f −1(Dg).
The associative law holds for these compositions: The maps (h ◦ g) ◦ f and
h ◦ (g ◦ f ) have the same domain
D := {x ∈ Dh : h(x) ∈ Dg, g(h(x)) ∈ D f },
and
x ∈ D =⇒ (h ◦ g)( f (x)) = h ◦ ((g ◦ f )(x)).
A local homeomorphism on a topological space Q is a homeomorphism be-
tween open subsets of Q. The set of these homeomorphisms is denoted by LH(Q).
Definition 4. A local action of the connected Lie group G on a manifold M is a
triple (G, M, α) where α : G → LH(M) is a function having the following proper-
ties:
• The set Ωα :=
{(g, p) ∈ G × M : p ∈ Dα(g)} is an open neighborhood of
{e} × M.
• The evaluation map
evα : Ωα → M, (g, p) 7→ α(g)(p)
is continuous.
• α(e) is the identity map of M.
• The maps α( f g) ◦ α(h), α( f ) ◦ α(gh) agree on the intersection of their do-
mains, ( f , g, h ∈ G).
• α(e) is the identity map of M.
• α(g−1) = α(g)−1.
α is a global action provided Ωα = G × M. If G is connected and simply
connected and M is compact, every local action extends to a unique global action.
In the rest of this section a local action (G, M, α) is assumed. We sometimes
omit the notation “α”, writing g for α(g), Dg for Dα(g), and so forth.
5
A homomorphism φ : H → G of Lie groups induces the local action α ◦ φ of
H on M defined by
α ◦ φ : h → α(φ(h)),
called the pullback of α by φ. When φ is an inclusion we set α|H := α ◦ φ. In this
way α induces local actions of all Lie subgroups.
A local flow is a local action of the group R of real numbers. If X : R→ G is
a one-parameter subgroup, α ◦ X is the local flow characterized by
(α ◦ X)(t) : p 7→ α(X(t))(p), (t ∈ R, p ∈ Dα(X(t)). (1)
A Lie algebra homomorphism X 7→ ˆX from g to C∞ vector fields on M gives
rise to a local action (G, M, α) such that the maps t 7→ (α ◦ X(t)) are the integral
curves of ˆX. (See Palais [23, Th. II.11], also Varadarajan [29, Th. 2.16.6]).
A set S ⊂ M is invariant provided g(S ) is defined and in S for all g ∈ G, or
more equivalently:
S ⊂ Dg ∩ Rg.
The orbit of p ∈ M is the smallest invariant set containing p. The fixed-point set
of α is
Fix(G) := ⋂g∈G Fix(g).
Proposition 5. Fix(g) = Fix(G).
Proof. Equation (1) implies Fix(g) ⊂ Fix(G). A neighborhood of e is covered
by one-parameter subgroups, and it generates G because G is connected. This
implies Fix(G) ⊂ Fix(g).
If H ⊂ g is a connected Lie subgroup we set
Fix(H) = Fix(α|H).
Proposition 6. Let G have a local action.
(i) If p ∈ Fix(h) ∩Dg, then g(p) ∈ Fix(ghg−1).
(ii) If H ⊂ G is a connected normal Lie subgroup, Fix(H) is invariant under G.
Proof. (i) is straightforward and implies (ii).
3 The fixed-point index
The late A. Dold [6, 7] defined a fixed-point index for a large class of maps having
compact fixed-point sets. We use Dold’sindex to define an index for blocks in local
flows. Dold’s index I( f ) ∈ Z is defined for data f ,V, M,S where
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• V is an open set in a topological space S,
• f : V → S is continuous with Fix() compact,
• V is a Euclidean neighborhood retract (ENR): Some open set in a Euclidean
space retracts onto onto a homeomorph of V .3
We will use the following properties of I( f ):
(D1) I( f ) = I( f |V0) if V0 ⊂ V is an open neighborhood of Fix( f ).
(D2) I( f ) =

0 if Fix( f ) = ∅,
1 if f is constant.
(D3) I( f ) = ∑i I( f |Vi) if V is the union of finitely many disjoint open sets Vi.
(D4) I( f0) = I( f1) if there is a homotopy ft : V → S, (0 ≤ t ≤ 1) such that⋃
t Fix( ft) is compact.
These correspond to (5.5.11), (5.5.12), (5.5.13) and (5.5.15) in Chapter VII of
Dold’s book [7].
(D5) Assume S is a manifold, f is C1, Fix( f ) is a singleton p ∈ M \ ∂M,
and Det f ′(p) , 0. Then I( f ) = (−1)ν, where ν is the number of distinct
eigenvalues λ of f ′(p) such that λ > 1. (See [7, VII.5.17, Ex. 3]).)
(D6) Suppose S is compact, V = S, and f is homotopic to the identity. Then
I( f ) = χ(S). (See [7, VII.6.22].)
The index for local flows
Let ϕ := {ϕt}t∈R be a local flow in a topological space S.
A compact set K ⊂ Fix(ϕ) is a block for ϕ, or a ϕ-block, if it has an open,
precompact ENR neighborhood V ⊂ S such that V ∩Fix(ϕ) = K. Such a V is said
to be isolating for ϕ, and for (ϕ,K). When ϕ is smooth this language agrees with
the terminology for X-blocks in the Introduction, and Fix(ϕ) = Z(X).
It turns out that the fixed-point index I(ϕt |V) for all sufficiently small t > 0
depends only on ϕ and K:
Proposition 7. If V is isolating for ϕ, there exists τ > 0 such that for all t ∈ (0, τ]:
(a) Fix(ϕt) ∩ V is compact,
3The class of ENRs includes metrizable topological manifolds and triangulable subsets of Eu-
clidean spaces.
7
(b) I(ϕt|V) = I(ϕτ|V).
Proof. If (a) fails there exist convergent sequences {tk} in [0,∞), and {pk} in V ,
such that
tk ց 0, pk ∈ Fix(ϕtk) ∩ V, pk → q ∈ Fr(V).
Joint continuity of (t, x) 7→ ϕt(x) yields the contradiction q ∈ Fix(ϕ) ∩ Fr(V).
Assertion (b) is a consequence of (a) and (D4).
Definition 8. Using the notation of Proposition 7 we define the index of ϕ in V ,
and at K, as:
i(ϕ,V) = iK(ϕ) := I(ϕτ|V).
K and V are essential for ϕ if iK(V) , 0. This implies K , ∅ by (D2).
We say that ϕ is smooth and generates X ∈ v1(M), provided S is a manifold
M and
∂
∂t
∣∣∣∣∣
t=0
ϕt(p) = Xp, (p ∈ M).
This implies X|∂M is tangent to ∂M, and Z(X) = Fix(ϕ).
Recall that iPH(X) denotes the Poincare´-Hopf index for vector fields X ∈ v(M)
such that ∂M = ∅ and Z(X) finite.
Proposition 9. Assume ∂M = ∅. Let ϕ be a smooth local flow on M generating
X ∈ v(M). Suppose V ⊂ M is isolating for ϕ. Let {Xk} be a sequence in v(M)
converging to X such that each set Z(Xk) ∩ V is finite. Then i(ϕ,V) = iPH(Xk|V)
for sufficiently large k.
Proof. Choose a sequence {Yk} in v1(M) with Z(Yk) ∩ V finite, with Yk and so
close to Xk that iPH(Yk|V) = iPH(Xk |V) and limk Yk = X. Let ψk denote the local
flow of Yk. There exists ρ > 0 such that
limk→∞ ψkt (x) = ϕt(x) uniformly for (t, x) ∈ [0, ρ] × V .
The conclusion follows by applying (D4) to f0 := φt|V and f1 := ψkt |V for suffi-
ciently small t > 0.
This result can be used to show that the Dold index and the Bonatti index
coincide in situations where both are defined.
Now assume G has a local action on M. Every X ∈ g generates a local flow ϕX
on M. A block K ⊂ Fix(ϕX) is called an X-block. When U ⊂ M is U is isolating
for α ◦ X we say U is isolating for X, and set
i(X,U) = iK(X) := i(ϕX,U).
K is essential for X provided iK(X) , 0.
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Proposition 10. Assume V ⊂ M is isolating for X.
(a) The set
N(X,V, g) := {Y ∈ g : V is isolating for Y and i(Y,V) = i(X,V)}
is an open neighborhood of X in g.
(b) If V is a compact invariant manifold, i(Y,V) = χ(V) for all Y ∈ N(X,V, g).
Proof. (a) Compactness of Fr(V) implies that the set N(g) := {Y ∈ v(g) : Fix(Y)∩
Fr(V) = ∅ is an open neighborhood of X, and V is isolating for every Y ∈ N(g). If
Y ∈ N(g) is sufficiently close to X and 0 ≤ s ≤ 1 then Ys := (1− s)X + sY also lies
in N(g), and therefore i(Y,V) = i(X,V) by (D4).
(b) Follows from (D6).
4 Fixed point sets, stabilizers and ideals
As usual, G denotes a connected Lie group with Lie algebra g. When G is nilpo-
tent, its exponential map g → G is an analytic diffeomorphism sending subalge-
bras onto closed subgroups, and ideals onto normal subgroups. In some situations
g is more convenient than G because it as a natural linear structure.
A local action of G on a surface M is assumed. Note that Fix(G) = Fix(g)
because G is connected. The isotropy group of p ∈ M is the subgroup Gp ⊂ G
generated by
{g ∈ G : g(p) = p}.
The stabilizer of p ∈ M is the subalgebra gp ⊂ g generated by
{
Y ∈ g : p ∈ Fix(Y)}.
The stabilizer of S ⊂ M is gS := ⋂p∈S gp. Evidently a one-parameter subgroup
Y : R→ G belongs to gp iff Y(R) ⊂ Gp.
Lemma 11. If g is nilpotent and dim (g) ≥ 2, every element of g lies in an ideal of
codimension one.
Proof. If dim (g) = 2 the conclusion is trivial because g is abelian. Assume induc-
tively: dim (g) = d ≥ 3 and the lemma holds for Lie algebras of lower dimension.
Let Y ∈ g be arbitrary. Fix a 1-dimensional central ideal j and a surjective Lie
algebra homomorphism
pi : g→ g/j.
By the inductive assumption pi(Y) belongs to a codimension-one ideal f ⊂ g/j,
whence Y belongs the codimension-one ideal pi−1(f) ⊂ g.
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The following simple result is useful:
Proposition 12. If p ∈ M and u,w ⊂ gp are linear subspaces such that u+w = g,
then p ∈ Fix(g).
The set C(g) of codimension-one ideals has a natural structure as a projective
variety in the real projective space Pd−1, d = dim (g), and is given the correspond-
ing metrizable topology.
Proposition 13 (Plante [24]). Assume g is nilpotent.
(i) Every component of C(g) has positive dimension.
(ii) Every codimension-one subalgebra of g is an ideal.
(iii) If O ⊂ M is a one-dimensional orbit of the local action, then
p ∈ O =⇒ gp = gO ∈ C(g).
Minimal sets
A minimal set (for the local action of G on M) is a nonempty compact invariant
set containing no smaller such set. Compact orbits are minimal sets; all other
minimal sets are exceptional.
An orbit homeomorpic to the unit circle S1 is a circle orbit. A circle orbit is
isolated if it has a neighborhood containing no other circle orbit; otherwise it is
nonisolated.
The following proposition is adapted from Plante [24]:
Proposition 14. Let M1 ⊂ M be a compact surface.
(i) The number of exceptional minimal sets in M1 is at most half the genus of M1.
(ii) The union of the minimal sets in M1 is compact.
(iii) The union of the nonisolated circle orbits in M1 is compact.
(iv) If C ⊂ M is a nonisolated circle orbit, every neighborhood of C contains a
compact invariant surface Q such that:
• each component P of Q is either an annulus or a Mo¨bius band,
• Λ \ P contains at most finitely many minimal sets.
Proof. (i) is a generalization of [24, Lemma 2.3], with the same proof. Slight
revisions of arguments on [24, page 155] prove the other assertions.
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5 Proof of Theorem 1
Recall that G is a connected nilpotent Lie group with a local action on a surface
M, the Lie algebra of G is g, and K ⊂ M is an essential block of fixed points for
the induced local flow of a one-parameter subgroup X : R→ G.
The theorem states that Fix(G)∩K , ∅, which is trivial if dim G ≤ 1. Assume
inductively: dim G > 1 and the conclusion holds for groups of lower dimension.
Every neighborhood of K in M contains an isolating neighborhood U for
(X,K) such that U is a compact surface. It suffices to prove for all such U that
Fix(G) ∩ U , ∅. (2)
Lemma 15. If U contains only finitely many minimal sets, Equation (2) holds.
Proof. Since dim (g) > 1 and g is covered by codimension-one ideals (Lemma
11), g contains a set {Yk}K∈N converging to X, and a sequence {hk} of pairwise
distinct, codimension-one ideals, such that: Yk ∈ hk, U is isolating for Yk, and
i(Y,U) , 0 (Proposition 10). As the set Kk := Fix(hk) ∩ U is compact, nonempty
by the induction hypothesis, and invariant by Proposition 6(ii), there is a minimal
set Lk ⊂ Kk ⊂ U. The hypothesis of the Lemma implies there exist indices i, j
such that hi , h j and Li = L j . Equation (2) now follows from Proposition 12.
In verifying Equation (2) we can assume U contains infinitely many minimal
sets, thanks to Lemma 15. Setting M1 := U in Proposition 14, we see that all but
finitely many of these are circle orbits, and there is a nonempty, compact, invariant
surface P ⊂ U such that:
χ(P) = 0 and U \ P contains only finitely many minimal sets. (3)
If Fix(G) ∩ P , ∅, Equation (2) holds and the proof is complete. Henceforth
assume:
Fix(G) ∩ P = ∅ (4)
Lemma 16. There exists Z ∈ g such that:
(a) U is isolating for Z,
(b) i(Z,U) = i(X,U) , 0,
(c) Fix(Z) ∩ ∂P = ∅.
Proof. Each of the finitely many components Ci ⊂ ∂P contains no fixed point by
(4), hence it is a circle orbit. Proposition 13(iii) shows that property (c) holds for
all Z in the dense open set g \ ⋃i gCi , while (a) and (b) hold if Z is in the nonempty
open set N(X,U, g) (see Proposition 10). Thus the Lemma is satisfied by all Z in
the nonempty set N(X,U, g) \ ⋃ gCi .
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Fix Z as in Lemma 16. Then
i(Z,U) , 0. (5)
Since Fix(Z) ∩ ∂P = ∅ by Lemma 16(c), the sets U \ P and P \ ∂P are isolating
for Z. Therefore
i(Z,U) = i(Z,U\P) + i(Z, P \ ∂P). (6)
by (D3) in Section 3. Now i(Z, P \ ∂P) = 0, by Theorem 10(b) with V := P \ ∂P.
Consequently
i(Z,U \ ∂P) , 0 (7)
by (5) and (6). Equations (3) and (7) show that U \ P contains only finitely many
minimal sets. Therefore Lemma 15 yields
Fix(G) ∩ (U \ P) , ∅,
implying (2). This completes the proof of Theorem 1.
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